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i LIST OF SYMBOLS

C inelastic strain

' Cp inelastic instantaneous strain
,

E Young's modulus
J

G shear modulus

J2 second invariant of devlatoric stress, Sij

K bulk modulus or drag stress

KI,K2 drag stress material constants

k material constant

material constants
ml,m2, . . .

i material constants
i n'nl'n2," ' "

_ ql,q2,, material constants; ee

S deviatoric stress

T temperature

_: TO temperature at which thermal strain vanishes

t time

" w work density

_ wp nonrecoverable work density

.- _ coefficient of thermal expansion

6ij Kronecker delta

_. ¢ total strain

£i,e2 maximum and minimum effective strain steps per sublncrement

v Polsson's ratio

= instantaneous inelastic stress

o stress

o® material constant I
r

fl back stress

plastic "kinematic" back stress
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FOREWORD

O
: The work described in this report was performed by the United Technologies ,

Research Center for the NASA-Lewls Research Center under Contract NAS3-23273. The

program manager wPs Dr. Anthony J. Dennis and the principal investisator was Dr.

Brice N. Cassentl. The NASA-Lewis technical project manager was Dr. Robert L. Thompson.
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1.0 PROGRAM OUTLINE

This is the Final Report for the Research and Development Program for the

development of Advanced Time-Temperature Dependent Constitutive Relationships.

I This program is being conducted by United Technologies Research Center for the
NASA-Lewis Research Center under Contract No. NAS3-23273. Volume I contains the

theoretical discussion and Volume II is the Programming Manual.

The objective is to improve the accuracy and efficiency of the nonlinear

constitutive theories (computer models), developed and evaluated in Contract

NAS3-22055. The program is divided into six tasks. The first task concerns

development of a theoretical formulation to allow temperature dependence of the

equilibrium stress state variable during elastic excursions in a thermomechanical

hyste, esis loop. In the second task, a new term is incorporated into three candi-

date theories to accommodate an inelastic instantaneous response. In the third task,

the combined effects of Tasks I and II are investigated. In the fourth task,

_. various techniques are incorporated into the subroutine HYPELA of the _L_RC*program

to speed up computation. The fifth task involves the verification, documentation

and delivery of the software program. The sixth task is reporting.

The Task I objective is to develop a theoretical formulation which allows for a

change in the equilibrium stress state variable with temperature during elastic

excursions in thermomechanlcal hysteresis loops. This formulation is incorporated

into the three nonlinear constitutive theories evaluated in the previous contract

NAS3-.22055 and is encoded into the _L_RC* three-dimensional nonlinear finite

!'" , element program. The comparison of these theories is completed by analyzing the

response using three thermomechanical hysteresis loop tests performed on Hastelloy-X
'' material.

The Task II objective is to incorporate into the candidate theory selected in

Task I, a new term to accommodate an inelastic instantaneous response. For compara-

tive purposes, the three thermomechanical "faithful cycle" hysteresis loops analyzed

in Task I are repeated and analyzed in this task.

i The Task III objective is to evaluate the theories developed to determine the

combined improvement in predicting stresses and strains. The analytical results of

this task are to be compared with those of Tasks I and II and Contract NAS3-22055

,, using the same thermomechanical hysteresis loops and geometry models used in Task I.

=*

: The Task IV objective is to improve the computational efficiency by:

_,, MARC is a three-dimensional nonlinear finite element program available from

:"< MARC Analysis Research Corporation, Palo Alto, California.

J
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(i) incorporating an array containing the state variables in the viscoplastic

theories into subroutine HYPELA of the MARC program to speed up computa-

! tion time,

(2) further reducing computation time by modifying the MARC program so that

the stiffness matrix is assembled once only during a calculation, with no

further reassembly during succeeding increments. Furthermore, more

efficient programming of the computer models developed in Tasks I and II

and Contract NAS3-22055 is completed, and

(3) performing test cases of sufficient complexity to adequately demonstrate

the improvements in computational efficiency.

Task V concerns veriflcation, documentation and delivery of the software program.

Task VI consists of bimonthly technical and monthly financial reports together

. _ with a final technical report.

_ '

?,
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2.0 SUMMARY OF RESULTS

During the course of this investigation, several significant conclusions

were drawn. They are:

I. The variation of material parameters with temperature must be carefully

considered. This variation is best illustrated by examining the variation of the

elastic moduli with temperature. If instantaneous, or tangent, moduli are used, a

perfect elastic reaction where the material undergoes changes in temperature cannot

be simulated. If secant moduli are used, then elastic nonisothermal reactions can

be simulated. Similar considerations must be examined for other material parameters

in any constitutive model. The use of secant material parameters in tame dependent

reactions introduces terms containing rate of change of temperature. For example,

during nonisothermal elastic reactions the rate of change of stress will include

strain times, the derivative of modulus with respect to temperature times the

derivative of temperature with respect to time.

"' 2. Including rate of change of temperature terms in the equilibrium stress

formulation can have a significant effect on the predicted stress ratcheting durin_

_' cyclic thermomechanical fatigue loading. The thermal ratcheting was also found to

be sensitive to the material parameters used.

3. An instantaneous (i.e., plastic) response term has been introduced which

can be shown to reduce to classical perfect plasticity. This term allows more

accurate reproduction of low temperature material response.

6 4. The importance of accurately evaluating the material parameters is illus-

trated by comparing the poor comparisons at the end of Task I with the improved

results at the end of Task III where more accurate material parameters were intro-

duced.

_ _ 5. A sixty percent reduction in CPU time can be attained by integrating the

constitutive equations using a variable time step when compared to a fixed time

step.

: Conclusions 1 and 2 are discussed in the Task I description. Conclusion 3

is discussed in the Task II description. Conclusion 4 is illustrated by comparing

the Task I and Task III results (in Task III, the material parameters were changed),
*,.... and Task IV illustrates Conclusion 5.

!
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3.0 TASK I - TECHNICAL DISCUSSION: .,

RATE OF CHANGE OF TEMPERATURE EFFECTS ":

The Task I objective is to develop a theoretical formulation which allows for a

,; change in the equilibrium stress state variable with temperature during elastic

excursions in thermomechanical hysteresis loops. This formulation is incorporated <

into the three nonlinear constitutive theories evaluated in the previous contract
NAS3-22055 and encoded into the MARC three-dlmensional nonlinear finite element

program. The three theories considered are discussed in detail in Ref. I, along

with several others, and include Walker's Theory, Miller's Theory and Krelg,

Swearengen and Rhode's Theory. The predicted material response from each of the t

theories, using three thermomechanical hysteresis loop tests, is compared with

results obtained on Hastelloy-X material.

This section consists of several subsections. Section 3.1 presents the three

thermomechanical hysteresis loops modeled under this contract. The next section

(3.2) discusses the variation in elastic moduli with temperature while the third

- _ section (3.3) introduces the three constitutive theories considered and the modifi-

; _ cations that were made to include rate of change of temperature terms The next

i three sections (3.4, 3.5 and 3.6) compare the predicted results for each of the three

theories, with and without the rate of change of temperature terms.

J

, ; 3.1 Thermomechanical Fatigue Loops [
• i

}
Three thermomechanical fatigue (_) loops are used in the evaluation of the

, t modified viscoplastic constitutive formulations to predict the response of Hastellov-X

combustor liners. These loops, with their imposed loadings, and their experimentally i

_'_ measured hysteresis loops are presented in Figs. 1-3. In the first and second loops,

Figs. i and 2, the temperature varies sinusoidally with time, from 427 to 871 C, i

with a period of one minute. In the third loop, Fig. 3, the temperature again
varies sinusoldally for one minute, going from 954 C to 504 C and back to 954 C. '_

The temperature is then held for 40 seconds at 954 C which completes one cycle;

" the strain varies according to Fig. 3.

The thermomechanical loops used in this investigation represen a gradual

increase in complexity. Figure 1 is a closed loop with equal maximum positive and

negative strains. Figure 2 is an open loop but retains the equal maximum positive

and negative strains while Fig. 3 is open with unequal maximum and minimum strains.

These three cycles taken together will allow more accurate determinations of response

of gas turbine engine hot section components.

4
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3.2 Rate of Change of Temperature Effects

in Thermoelastlcity

i The three TMF loops illustrated in Figs. 1-3 include not only changes in

mechanical loading (i.e., imposed strain) but also large changes in temperature.

To illustrate the effects of rate of change of temperature, consider an elastic

response only. Three forms of the constitutive equations will be considere_ ., ,

dimensional form. These three forms are compared to show that if perfect r'a_-

ticity is to be represented then ra_e of change of temperature term_ will nppear.
The three forms include:

(i) a tangent modull formation

_=E(,-at_ (i)

: (2) a secant moduli formation

_..- and

_' (3) a mixed formulationJ

a

where E - E(c,T) is Young's Modulus _

a - a(E,T) is the coefficient of thermal expansion '

,_ (,). dO is the derivative with respect to timedt ;-

o is the stress

',_ ¢ is the strain

,, T is the temperature, and (

_" TO is the stre:3s free temperature.
=,

_ _ Equation (i) is the form presented for Miller's Theory and Krieg, Swearengen and ,

_? Rhode's Theory in Ref. i for the elastic response, while Eq. (3) is the form pre-sented in Ref. i for Walker's Theory. The HARC code assumes a form as in Eq. (3).

5
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For an elastic response the material, by definition responds in a reversible

manner, that is the stress is a unique function of strain and temperature, or

:=o'(,,T) (4)

Differentiating Eq. (4) with respect to time and comparing to Eq. (I) yields

: and

, '1_.!

-----aE (6)

"_ i The mixed partials, Eqs, (5")and (6) must be equal. Thus,

,gE+ OlaE) ._; ,0 (7)

._ If the material is linear in strain in the elastic region, E is not a function of _,

_ st,_aln and Eq. (7) becomes _ , 4

I dE ¢_a
i 7 +g-o (8) 'i I,

k

Thls Is a severe requ_.rement for the coefficient of thermal expansion to satisfy , ,

and is based _n a unlaxlal stress state only. The more general case of a multi-

axial stres_ state presents even more se',ere requ_rements. This case is examined

in Appendix 1.

For the multlaxlal stress states, EQ. (7) becomes, from Appendix i, !

--+ --'O (9)
_'ii 3 _T

1984002545-012
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:

! where K = is the bulk modulus, and
3(I-2v)

i i-.i

_lj"Io i # .i

Equation (9) is equivalent to Eq. (7), but an even more severe requirement

on the shear modulus, G, is shown to hold in Appendix i.

_G
--: O (i0)
aT

Equation (i0), requires that the shear modulus is not a function of temperature if the

stress-strain law is elastic (i.e., if the stress-strain law is path independent).

Therefore, it is not possible to represent an elastic response using temperature

dependent elastic moduli defined as in Eq. (i).

W
The secant moduli formulation, Eq. (2), obviously satisfies the requirement

represented in Eq. (4). Assuming the modulus and the coefficient of thermal expan-

sion do not depend on strain

, i

£ = E(T) and
, a=a(T)

_-_ The rate of change of stress in Eq. (2) becomes

dl,_E)li.
a": E (%- ai')+ ['_T - (T-TO) --'_-', (11)

Tne first term is the same _s that in Eq. (1). The second term is proportlonal

to the -ate of change of temperature and illustraBes that rate of change of tem-

perature terms can enter into a constitutive formulation in addition to the ¢ffects

of thermal expansion. ,.

The mixed formulation, Eq. (3), also places constraints on the material formu-

lation. Taking the derivative of Eq. (3) with respect to time

e=Ei+_ '% O, _,-aE--{ + i.,o ((.)tIT

I

, 7 "
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_. From Eq. (3),

a(_) d_=,- --
E (13)

%

and substituting into Eq. (12)

(14)

For an elastic response, the stress is a single valued function of the strain

and temperature, therefore,

i _ = _(,,T) (15)

and

: _o" clo",
e =--- _+--T

a, aT (16)

- Comparing Eqs. (14) and (16)

0O':E + o" Clcr
"' ': a, E 8, (17 _,

and

I

, ¢1T----aE+ E ¢)T (18) ,

The mlxed second partial derivatives with respect to strain and temperature must

be equal, which, from Eqs. (17) and (18) becomes,

¢_E+ ! a_c_E,_c)(aE)+ I ¢1o-aE
¢)T E _T ¢)e' _, E ¢1, _T (19)

1984002545-014
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Substituting Eqs. (17) and (18) into Eq. (19) results in

Oa
_-_=o (20)

Appendix 2 shows that for the case of multiaxial loading, Eq. (20) becomes

____S_a=O
_E_z (21)

and there are no other constraints on the material constants.

Equations (]) and (2) can be recast in integral form as

: (22)

" and

J

°'=Jo d_ d_-a d4_ (23)

respectively. Therefore, in the tangent moduli formulation, the material param-

eters appear inside the integrals while in the secant modu!i formulation the materia]

parameters are outside the integrals.

For an elastic response the formulation in Eqs. (2) or (23) is preferred but

for an inelastic response the form has not been determined based on first principles.
The material constants can appear either inside or outside the integrals. The

correct choice can be determined by comparing analytical predictions for either choice

_ with experiment&l results. This will be the subject of the following sections for

• the three speclfi_ constitutive models considered.

._ 3.3 Discussion of the Three Constitutive Formulations

C q

_/ The three constitutive theories to be considered are: (i) Walker's, (2) Miller's

i_-I and (3)Frieg, Swearengen, and Rhode's. Walker's Theory, from Ref. i, is summarizedin Appendix 3 in differential form and Appendix 4 in integral form. Equation (3.2)

_<.i in Appendix 3 contains rate of change of temperature terms. These terms are a

result of assuming the material constants nI and n2 appear outside the integrals

: _ in Eq. (4.2) of Appendix 4. Miller's equations presented in Appendices 5 and 6
_;-,, from Ref. i have an assumed temperature dependence based on activation energies.

i
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_ s

_ Therefore, the material constants are not functions of temperature. An adjustment

in the theory is then necessary to include rate of change of temperature terms.

: Krieg, Swearengen and Rhode's Theory from Ref. 1 is summarized in Appendices 7 and

8. Again, this theory contains no rate of change of temperature terms but the ":

, necessary modification can be made simply by moving the appropriate constants out- :

side the integral. Tables i, 2 and 3 present the material parameters for each of
the three theories used in Ref. i.

3.4 Rate of Change of Temperature Effects in Walker's Theory

Walker's Theory will produce results during nonisothermal loading that depend

on rate of change of temperature terms, in addition to _he effects during elastic

loading. This is reflected by Eqs. (3.2) and (4.2) in Appendices 3 and 4. With

respect to Walker's theory, as reported in Ref. I, the differential form has been

modified tOomOre accurately reflect the integral form by the addition of the time

: ,_ derivative Ri_. With respect to the elastic constants, Walker's theory requires _

the coefficient of thermal expansion not to be a function of the strain. In the
remaining two theories, the coefficient of thermal expansion must be a function

of the strain if the elastic moduli vary with temperature. ,-

_.-_ The constants in Walker's theory (taken from Ref. i) are presented in Figs.

4-7 and in Table 1 as functions of temperature. Figures 4-7 are used as an aid in ,

. ' determining the proper interpolation functions and in determining derivatives with

respect to temperature. These material constants exhibit rapid changes in the tem- _

_" I perature range of i000 F to 1400 F. The most important constant in the rate ofchange of temperature terms is n2 (see Fig. 7 and Eq. (3.2) of Appendix 3). The

,_. parameter, n2, dlsplays a reversal in slope in the range from 1000 to 1400 F. }

i
The user subroutine HYPELA of the MARCcode, from Ref. 1, was modified to in- _

change of temperature terms. Figures 8-13 present the results from
clude rate of

/' _ Walker's theory for the three TMF loops of Figs. 1-3, with and withou_ tilerate

) of change of temperature terms. Although the general shape of the loop remains thei

' i same, the steady state hysteresis loop is approached much more rapidly with the
_. rate of change of temperature terms than without.

3.5 Rate of Change of Temperature Effects in Miller's Theory

_i Miller's theory, presented in Appendices 5 and 6 _nd taken from Eel. i, was

modified by making HI in Eq. (5.2) temperature dependent. The modified theory is

summarized in Appendix 9. Figures 14-19 illustrate hysteresis loops at different

tempratures for the values of H1 listed in Table 4. These hysteresis loops should be

compared to the corresponding experlmental loops presented in Figs. 20-25 taken from

Ref. 1. The remaining constants are taken from Ref. I, and summarized in Table 2.

_| In Miller's theory, with the constant H1 now assumed to be a function of tem-
perature, the subroutine HYPELA in MARC was modified to include rate of change of

temperature terms.

10
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½

For the three TM'Floops, Miller's Theory, with and without the rate of

temperature terms, Figs. 26-31 show almost no change. This is partly due to

fact that steady state is approached rapidly even without the rate of change

of temperature terms and partly due to the fact that the _terlal constant H1 does
not vary appreciably with temperature between 800 and 1200 F. It is difficult

using Miller's theory to arrive at empirical values of H1 at low temperatures that
match the experimental results (for example, compare Figs. 14 and 20). Therefore,

the lower temperature estimates for H1 can vary appreciably from the chosen value.

3.6 Rate of Change of Temperature Effects in

Krleg, Swearengen and Rhode's Theory

Krieg, Swearengen and Rhode's theory, Appendices 7 and 8, was modified by moving

AI out of the integral in the integral form of the theory. Appendix i0 presents
a summary of the modified theory, and Table 3 summarizes the constants which were

taken from Ref. i.

These modifications were included in a version of the MARC user subroutine

:. HYPELA (see Eef. i). The modified subroutine was tested using the three thermo-

, mechanical loops. Figures 32-37 present the resulting stress-strain hysteresis -

loops with and without the rate of change of temperature terms. For the two open
thermomechanical loops, there was little change when the rate of change of tem-,$

_ perature terms were included, compare Figs. 33 and 34 with Figs. 36 and 37, respec-

_ tively. For the closed thermomechanical loop, Figs. 32 and 35, the steady state

loop is approached more rapidly when the rate of change of temperature terms are
"- included.

• *.

3.7 Summary

i

In all succeeding analyses only one viscoplastlc theory is used. For these

:_ analyses Walker's theory was chosen becasue of its ability to represent more phys-
_._- Ical phenomena than Krieg, Swearengen and Rhode's theory. Miller's theory with its

"; assumed variation of the material parameters with temperature made it more difficult

• to represent experimental hysteresis loops. A more recent version of Miller's theory

Ref. 2 and Appendix ii, removes some of this difficulty but the number of material

parameters has been substantially increased.

C

ii
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4.0 TASK II - TECHNICAL DISCUSSION: TIME INDEPEndENT RESPONSE
It

The Task II objective is to incorporate into one candidate theory from Task I,

a new state variable to accommodate an inelastic instantaneous response. For

comparative purposes, the three thermomechanlcal "faithful cycle" hysteresis loops

analyzed in Task I are used in this task. Two forms for representing instantaneous

response will be discussed. The first is based on an instantaneous stress state

variable. The second uses an inelastic work rate. The last section w_ll present
results based on the inelastic work rate.

4.1 Instantaneous Stress State Variable
f

A particular formulation for the instantaneous stress state variable has
been examined for unlaxlal stress states. The formulation is summarized in

Appendix 12. The particular case considered is summarized in Table 5, and includes '.

all of the important features of Walker's formulation. The equations under these

= assumptions reduce to

n

&=+-E{ $gn(o--ll) ._
' _ ', KI (24) ,"

-': c= _ - ___ ;
,- E (25)

_.- S - m=,6-m:#lZ. (26)

"1 _ "n26-n31dl_ (27)

iiJ Consider the case of initially loading the material at a specified strain rate

4
.|

12
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-.,=

• =c (2s)

From Eqs. (24-27)

and the apparent Young's Modulus, Eo, during initial loading is

I I I

Eo + m2 (30)

• If the material iL ncw loaded at constant strain rate, 7, until steady condi-

•_ tlons result, and then suddenly the strain rate is changed to -y, the material

will now unload initially by

#
_ which can be evaluated in a similar manner from Eqs. (24-27). Then the apparent

_'_, , ] Young's Modulus during fully reversed unloading, Erev, is
_", ._ I I I

•.... Ere v E 21112 (32) ::

:_, therefore, the unloading slope is not equal to the initial loading slope in contra-
;- diction to experimental results. In order for the two slopes to be nearly equal,

t the constant m2 must be large. A large value for m2 should result in the instan-

taneous stress quickly saturating to its steady value and then having no subse-

_ quent effect on the response. This formulation is therefore not acceptable.

_ 4.2 Inelastic Work Rate Formulation
..j ,,

""' A formulation based on the rate of work being done appears to be able to

,_:!_.. represent some of the time independent features appearing in the experimental data. __.'.. The time independent term_ can be developed based on a modification of the equations
m

[:_ of Ref. 3. In Ref. 3, Walker used an expression of the form

%1 ,
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• "
C = i- '_"= _max (33) g

",_

,>

where Omax, b and a are positive constants. As b/a approaches unity, the stress-
strain curve on initial loading becomes identical to an elastic perfectly plastic

response. There are limitations with this formulation, two of which are:

(I) the inltial loadlng slope (i.e., Young's modulus) is not equal to an

initial unloading slope if a is not equal to b, and

(2) the inelastic strain rate, _, is opposite in sign to the total strain rate,
_, during initial unloading (i.e., if o > o then _ > o even if _ < o).

Equation (33) does produce a time independent response similar to classical

plasticity and therefore modifications of this formulation were developed. In order

to incorporate a time independent formulation into viscoplastic theories, the

inelastic strain rate, ciJ, is decomposed into two parts as follows /

Cij= Ci_+ 6% (34) :

c p
where clj is the time dependent part, similar to classical creep strains, and cij

is the time independent part, similar to classical plastic strains.

Such a decomposition is being developed by Haisler, Ref. 4, and Bradley,

Ref. 5. Using Walker's theory, the time dependent inelastic strain is ,,

The time independent inelastic strain rate can be taken as an expression similar to

Eq. (33) but using work rates rather than strain rates. The total rate at whlch

work is being done would replace the total strain rate. The elastic strain rate,

_/E, would be replaced by a recoverable work rate. The total work rate, W, is

given by

w'¢ij _ii (36)

14
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and the nonrecoverable work, _P, will be taken as

(37)

>

d/XtX -- O
where < x > ffi o,x < o is the unit ramp function. _lJ has a zero trace (_kk ffio)
and can be use to represent kinematic hardening. The time independent inelastic

: strain can be taken to be

5(Sij_ 2 wij)

(:_: 2_ < w-k (w-wP)> (38)

where o= is the time independent yield stress and can be taken to be a function,

for example, of temperature, nonrecoverable work (to simulate Isotropic hardening),
and if necessary total strain rate.

Substituting Eq. (38) into Eq. (37)
2

, wp= 3 J_ <(l_k) W+kwp>
2mJ (39)

/

.... , 2 3 3

.. where 3J2 = _ (_ Sij - _'ij)("2"Sij-_ij). Equation (39) can be solved for f,TP.

,-i 3(I-k) J./

wp= 2o-_ <°'ii41i> '_ (40)

where use has been made of Eq. (37). Substituting Eqs. (36) and (40) into Eq. (38)
-_ gives the time independent inelastic strain

"" _ 3(Sii wi i} ll-k)<'i)%i)c = /3J'-
%" 2°'2 I-k t _ \ (41)

4_J

//!!- Forelassical plastlclty without hardenlng, k is unity and ,i.j vanishes. Equation
(41) becomes indeterminate if

,_' ,e

15
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, Therefore, o= can be identified with the classical unlaxlal yield stress. Under

_- these conditions, Eq. (38) becomes

¢iJP= 2cr_ (43) ,

which is identical to classical plasticity theory as shown in Appendix 13.

Appendix 14 presents Walker's theory modified to include these time independent

strains with no associated hardening. There are two additional material constants,

k and o®, which are functions of temperature. Equation (41) in its most general

form is capable of representing a wide range of stress-straln behavior. For

example, taking

".[ wii - I-ICijP
i (44)

! to represent kinematic hardening, and

I+q I _n %

4"

' i where H is the kinematic hardening slope,

" _'i o o is the initial "yield" stress, _

oI and 02 can be used to represent isotropic hardening, ;

ql can be used to represent strain rate effects, and

_o is the strain rate appropriate to oo.

A unlaxial loading s_mulation was performed using the equations in Appendix 14,

but with Eqs. (44 and 45) together with the data in Table 6. Figure 38 presents the

resulting stress strain hysteresis loop which is similar to the experimental loops

at 800 deg F presented in Fig. 22, and Fig. 39 presents the inelastic strain

as a function of total strain hysteresis loop.

16 _ ;"
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4.3 Time Independent Hysteresis Loops

The time independent response equations can be simplified by using the rest

stress, 9 (equilibrium stress), to represent kinematic work hardening in the time

dependent response and proportionally varying the equivalent yield stress, o®, in

the same manner as the drag stress, K. Appendix 13 sunnnarizes the governing equa-

tions. This then leaves two additional constants to be evaluated for the theory

o® (at R equal to zero) and k. The constant k has been taken to be zero for all

temperatures while o_ was set to infinity for 1200 F to 1800 F. At I000 F and 800 F,

the constant o® was determined and the constants n2 and n3 were changed to more

closely match the experimental results. In addition, the constants KI and i/n at
1400 F were changed to more closely match the experimental results. The 1400 F

change only effects strain rate results higher than those presented. Table 7

summarizes the new values for each of the constants. Figures 40-47 show the

resulting hysteresis loops. At i000 F, the loops are significantly more accurate

with the new values of n2 and n3, compare Figs. 20-25 with Figs. 40-47, than the
i predictions of Ref. I. The effect on the predicted stress when the time independent

terms are included will be discussed in the next section.

The time dependent and time independent inelastic strains can be separated

experimentally by performing creep and relaxation tests beginning _. various points
:

on the steady state stress strain hysteresis loops.

i

,%,

t 17

t
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5.0 TASK III - TECHNICAL DISCUSSION: COMBINED TASK I AND TASK II EFFECTS

t
The Task III objective is to evaluate the theories developed to determine the

t combined improvement in predicting stresses and strains. The analytical results of

this task are compared with those of Tasks I and II and Cotltract NAS3-22655 using

the same thermomechanlcal hysteresis loops and geometry models used in Task I.

The subroutine HYPELAwas modified to include the time independent terms as a

part of Task II. The material constants in their final form appear in Table 7,

the initial form of the constants appear in Table I. Figures 48-53 show the effec:

of changing constants and including time independent terms and rate of change of

tcmperature terms for the closed symmetric TMF cycle. The other two TMF cycles

were only minimally effected (see Figs. 54 and 55). Figures 48-53 show a definite

! improvement in accuracy primarily due to the change in the low temperature material

i properties. Adding the time independent terms and the nonisothermal terms has only
a minimal effect.

A slight improvement in the predicted response of the open nonsymmetric TMF

cycle was attained by setting the material constant o= at 1200 F to 60 ksi with no

appreciable change in the other two TMF loops, as illustrated in Figs. 56 to 58.

Figure 59, taken from Ref. i, shows the predicted stress strain response for the

open nonsymmetric TI._cycle using the material parameters from Table i. Comparing

Figs. 58 and 59, there is a considerable improvement in the predicted response when

compared to the experimental response (Fig. 3). This is primarily due to the change

in low temperature _nterial constants.

Summarizing the combined effects of Tasks I and II showed that accurately

modeling the low temperature hysteresis loops had the most effect, followed by the

instantaneous inelastic response. The rate of change of temperature terms studied

under Task I produced changes in the thermal ratcheting. Thermal ratcheting seemed _

to occur more often when there were sudden changes in the slope of the stress strain

curves.
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6.0 TASK IV - TECHNICAL DISCUSSION: L_ROVEMENTS IN

COMPUTATIONAL EFFICIENCY

&

The Task IV objective is to improve the computational efficiency by:

(1) incorporating an array containing the state variables into subroutine

HYPELA of the MARC program to speed up computation time,

(2) further reducing computation timo by modifying the MARC program so that the

_ stiffness matrix is assembled once only during a _alculation, with no

further reassembly during succeeding increments. Further_ more

efficient program_ning of the computer models developed in Tasks I and II

and Contract NAS3-22055 (Ref. I) is completed, and

(3) performing test cases of sufficient cmmplexity to adequately demonstrate

• the improvements in computational efficiency.

"_ The first part of this section presents various numerical techniques for

i integrating the differential equations for the modified Walker theory summarized

in Appendix 14. The second part summarizes the computational savings that results
when various modifications were made _o the MARC finite element code and the user

_ subroutine HYPELA of the _RC code Reference 6 presents a complete discussion for

_: the modifications to the ,MARC code necessary to incorporate the equations of

_ Appendix 14 in an efficient manner.b

' 6.1 Numerical Integration of the Modified Walker's Theory

Three methods for integrat!n_ the constitutive equations were examined:

(I) a forward difference with error estimates for revising the time step, (2) a

backward difference, and (3) integrating an integral form of the equations.

The forward difference integration, similar to Ref. 7, is based on an error

estimate, E, given by

_' E=_R+_

_ ,, where

J'_ Z_Cij4 Ci

#

#; J

,t,_j

19 ;

i.t
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(

. and AJz= { LlSij A3ij

_j

B of a quantity is the change in the quantity over time step At.

If the error estimate is too large

i ( >c_ (47)

then the time step is halved and the step is repeated. If the error estimate J s

too small ( <(2 (48)

then the time step is doubled for the next i_tegration step.

Figure 60 shows the resulti_,g stress-strain loop for the symmetric closed _IF

cycle using a 200 step per cycle forward difference without the error estimate.

This should be compared with Fig. 61 where

(i = l0 "4 _ ' ;
4

and _
(2" 10"s _

i "
i

For this case, 195 steps pet cycle resulted with an increase in cc_p,tation time of

0.4 percent. In Fig. 62, the allowable "errors" have been increased ten times and _
although the response demonstrates some instability, the stress-straln loop is still _ i

approximately correct. In Fig. 62, _nly 38 steps per cycle were required and a

decrease in computation time of 75 percent resulted. This is obviously a viable

method for determining the t_me step magnitude automatically.

A backward difference algorithm was developed which is s,m_arlzed in Appendix

15. Figures 63-66 display the resulting stress-strain loop for the closed

synanetr_c cycle for various numbers of increments per cycle. At 16 increments per
cycle, Fig. 65, the loop is marglnally accurate when compared to Fig. 60. This

represents a savings of approximately 75 percent since about 2.5 iterations to solve

the resulting nonllnear simultaneous equations per loading increment were required.

2O
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Although thp fo_:ard different,_worked adequately for all test cases considered,

the backward difference convergence was slow in cases where the term nfiwas not
equal to zero and the strain rate was small (i.e., on the order of lO-_/sec). A

quadratic Newton's method was also used to solve for _G and _ljk+l but there was no
benefit over a linear Newton's method. Therefore, in these cases, a sufficiently

small step size was required.

The equations for the modified Walker's _2eory were recast in integral form,

see Appendix 16. This form was also tested and the results were similar to the

results for the backward difference,

Summariziug, three methods for integrating the equations were examined. They

included; (i) forward differences using error estimates to revise the time step,

(2) backward differences, and (3) recasting the equations :.nintegral form and

then numerically integrating. Tests of these methods were "formed on the one

dimensional form of the equations. _e forward differences with error estimates

•. saved up to 75 percent of the computational time. The backward difference integra-

•_ tion was stable for large time steps and converged rapidly for typical thermal cycle

problems, resulting in a savings of computational tlm__ of about 75 percent. Un-

fortunately, at low strain rates and high temperatures, where thermal recovery can

be important, convergence was sometimes unacceptably slow. Results for the integral

form indicated that the savings and problems are simila£ to the backward differences.

% The convergence problems make the backward difference and integral form integration

methods unreliable and therefore only the forward difference integration with error
: estimates was used in the HARC code modifications.

:; ,! 6.2 Computatlona.I Efficiency Improvements

Three approaches were investigated to improve the computational efficiency. '

One of these is the numerical integration discussed above. The second included the ,

approach of storXng the state variables in an array in HYPEL_. This proves to be

advantageous only if all of the 16 state variables for each integration point of •
each element can b_ stored in core. Therefore, there is a savings only on relatively

• _mall models. In the third approach, the MARC code was modified to save the inverted

stiffness matrix (i.e., use back-substltutlon), thereby saving the CPU time necessary ,^
to solve the simultaneous equations. ,.

In the subrouinte HYPELA of the MARC code, the constitutive equations were inte-

grated using a forward d_fference for the tlme derivative. Each _ncrement in the

MARC code is divided into a uumber of sublncrements. The number of subincrements

is stored as the variable NSPLIT. For an ordinary forward differenc_ NSPLIT is a

constant. For a forward difference integration wlth error checking, a self-adaptlve

scheme, the variable NSFLIT is chapged according to whether the estimated error is

larger or smaller _han the allowable b. _nds (Eqs. (46-48)).

!I
21 i ;

I
I
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T The MARC code could then be run in four modes depending on whether NSPLIT

is constant (ordinary forward difference) or variable (self-adaptive forward

difference) and whether matrix inversion is performed or back substitution is used.

Two different test cases were used in the tests. The first was a two element by

¢ two element uniaxial axisymmetric mesh, with the loading given by the open non-

symmetric loop in Fig. 3. The test case was except a seven by
second identical

seven elemen_ mesh was used. The first case was run for 48 loading increments and

the second for I0 increments. Table 8 summarizes the resulting UNIVAC iii0 CPU
- time for five different combinations. Most of the savings resulted when a variable

time step was used. Using matrix inversion produced a negligible increase in the

CPU time when compared to back aubstitution. In the test runs using a constant

time step the value of NSPLIT was taken to be the maximum value attained in the

equivalent self-adaptlve run. Figure 67 shows NSPLIT at the end of each _%RC
increment using the 2x2 finite element mesh and self adaptive integration, for the

first complete cycle of the open nonsymmetric loop. A total of 219 subincrements

i were required. If NSPLIT was set at 16 subincrements per increment then a variable

time step would produce a 72 percent savings.

In Fig. 67, at increments 10 to 15 and increments 38 to 45, NSPLIT is large.

At these increments the larger changes in mechanical and thermal loading occurred.

In increments 20 to 36 NSPLIT is equal to one which occurs during the hold time for

the temperature and strain (i.e., the time during which temperature and strain are

constaLt).
4

Summarizing, most of the CPU savings was attained by using variable step

integration while utilizing back substitution produced a relatively small savings.

Indications are that large problems would have to be run (i000 degrees of freedom)

before the equation solution time becomes large. _

I

22
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7.0 CONCLUSIONS

During the course of this investigation several significant conclusions were

drawn. They are:

i. The variation of material parameters with temperature must be carefully

considered. This variation is best illustrated by examining the variation of the

elastic moduli with temperature. If instantaneous, or tangent, moduli are used,

a perfect elastic reaction where the material undergoes changes in temperature can-

not be simulated. If secant moduli are used, then elastic nonisothermal reactions

can be simulated. Similar considerations must be examined for other material param-

eters in any constitutive model. The use of secant material parameters in time

dependent reactions introduces terms containing rate of change of temperature.

2. Including rate of change of temperature terms in the equilibrium stress

formulation can have a significant effect on the stress or strain, ratcheting

durin_ cyclic thermomechanical fatigue loading. The thermal ratchetting was also

found to be sensitive to the material parameters used.

3. At1 instantaneous (i.e., plastic) response term has been introduced which

can be shown to reduce to classical perfect plasticity. 1_is term allows more

- accurate reproduction of io_ temperature material response.
.j

. 4. The importance of accurately evaluating the material parameters is

illustrated by comparing the poor comparisons of the end of Task I, Fig. 9, with

the improved results at the end of Task III, Fig. 50.

5. A sixty percent reduction, Table 8, in CPU time can be attained by

: integrating the constitutive equations using a variable time step when compared

to a fixed time step.

_L
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TABLE i
7

Haterial Constants for Walker's Theory (Ref. I)

Material 982°C 871°C 760°C 648°C 537°C 427°C

Constant 1800°F 1600°F 1400°F 1200°F lO00°F 800°F

X II.5E6 15.4E6 17.8E6 18.1E6 17.2E6 17.8E6

4.9E6 6.9E6 8.4E6 9.0E6 9.0E6 9.8E6

K1 59292 91505 251886 95631 75631 50931

K2 0 0 0 0 0 0

-i
' n .233 .195 .244 .079 .059 .059
i

i m 1.16 1.16 1.16 1.16 1.16 i.16

" , nI 0 0 0 0 0 0

_.: _ n2 i.OE6 5.0E6 2.0E7 i.5E7 6.OE7 30.OE7

i n3 312 673 1179 781 i000 8000
i

,_,! n4 0 o o o o o
.!' n. 0 0 0 0 0 0

,. !

n6 2.73E-3 8.98E-4 0 0 0 0/" i

5- ' ] n 7 0 0 0 0 0 0

' i B -1200 -1434 -2000 -2000 0 0
i

i.L

!;_; t

3984002545-0:33



0 iTABLE 2 ._

Naterial Constants for Miller's Theory (Ref. i) _

- 8000

n - 1.598 -,:

B - 1.0293E14 "_

HI ffi 1.OE7 _
V

AI - 9.305E-4 ?

H2 ffii00 ._

C2 - 50000 ,

A2 = 5.9425E-12

Q* = 104600

T = 1588°K
m

k = 1.9859

0' " exp I- Q*/kT } f°r T Z '6Tin i '

0' - exp l-6-_Tm,tl + in '6-_TTm)}for T < .6Tin

where T Is the temperature In degrees Kelvin. The Lame constants X and

are as given in Table i.
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TABLE 3

Material Constants for Krieg, Swearengen and Rhode's Theory (Ref. i)

I_terlal 982°C 871°C 760°C 648°C 537°C 427°C

Constant 1800°F 1600°F 1400°F 1200°F I050°F 800°F

II.5E6 15.4E6 17.8E6 18.1E6 17.2E6 17.8E6

: _ 4.9E6 6.9E6 8.4E6 9.0E6 9.0E6 9.8E6

K 59292 91505 251886 95631 75631 50q31
O

-I
n .223 .195 .244 .079 .059 .059

- } A1 1.0E6 5.0E6 2.0E7 1.5E7 6.0E7 30.0E7

A2 243 14.96 1.54 .66 1.79E-3 .59

1 A3 I.OE-12 10E-12 1.0E-12 1.0E-12 1.0E-12 1.0E-12

i+i'i A4 0 0 0 0 0 0
• A5 0 G 0 0 0 0 i
+

, i

f

, +

2

"i

• I
+1,/ _

<i
+1,,_+/

.:;

..)
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il TABLE 4

Constant H1 in Miller's Theory

Temperature HI

de_ F

i 800 I0 x 106

1000 10 x 106

1200 8 x 106

1400 i0 x 106

1600 6 x 106

1800 3 x 106

!
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TABLE 5

Parameters for Instantaneous Stress State Examination

Parameter Value

E nonzero constant

n nonzero constant

K1 nonzero constant

K2 0

nI, mI 0

.W n2, m2 nonzero constant

n3, m3 nonzero constants

? n4_ 6, m4_ 6 0

:I

I
J k

?

I
L
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i

TABLE 6 ._

i Constants in Time Independent Simulations

k =0.3

¢ O.006

ql - .004
NN

q2 - 0

= .ooi
0

o = 70 ksl
o

oI - 30 ksl

H ,= 7.5 x 106 psi

i
¢

i
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OF POOR QUALITY
TABLE 7

Material Constants for Modified Walker's Theory

_terial 982°C 871°C 760°C 648°C 537oC 427oc
Constant 1800°F 1600°F 14000F 1200°F IO00°F 800OF

X II.5E6 15.4E6 17.8E6 18.1E6 17.2E6 17.8E6

4.9E6 6.9E6 8.4E6 9.0E6 9.0E6 9.8E6

KI 59292 91505 110696 95631 75631 50931

K2 0 0 0 0 0 0
-i

n .233 .195 .1497 .079 .059 .059

m 1.16 1.16 1.16 1.16 1.16 1.16

. nI 0 0 0 0 0 0

__: n 2 1.0E6 5.0E6 2.0g7 1.5E7 i.9E7 1 .017

." _ n3 312 673 1179 _81 320 250

'-_ n4 0 0 0 0 0 0

_._._] n5 0 0 0 0 0 0

" n6 2.73E-3 8.98E-4 0 0 0 0

n7 0 0 0 0 0 0
o

; £_ -1200 -1434 -2000 -2000 0 0

Coo at R - 0 oo oo oo oo 48000 48000

_.. k 0 0 0 0 0 0

-Jl _.

g.,
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_ TABLE 8

: UNIVAC CPU Times

TMFI - _,L_C Increments 0-i0

i

7X7 Elements

Matrix Inversion NSPLIT CPU Time (Sec) Percent Savings "

Yes Constant 335 0

" Yes Variable 141 58

No Variable 131 61

TMFI - MARC Increments 0-48

2X2 Elements

Matrix Inversion NSPLIT CPU Time (Sec) Percent SavinBs

Yes Constant 233 0

No Variable 90 61
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i O-ij = 2/.z(_ij + k(_kkSij- a(3X+ 2_) 1"8 ij (1.1)

N

But Olj is not history dependent, therefore,

• o'ij=Fij_,T) (1.2)

' _ and

" ') . Orii. _ii

:" ! %:&","" +W"* _.3) .

_' ! Comparing Eqs. (!.i) and (1.3)

_._, OFii

)o

and "
:" -

• _ : -a(3x+ z_) .,
, OT (1.5)

<," The mixed partial derivatives of Eqs. (1.4) and (1.5) must be equal or $.

_}£k! (_T = Z 8ik 8j! + _ 8k_ = - (_([kl i , )"
' I

Contracting Eq. (1.6) on the indices i and J

_iI' I °_K _(OK) :O (1.7)
3 OT 8_Q+ 8%--_

'11

\t

/

]984002545-]06
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O_IIG_NALPAGE [S
. whsre OF POOR QUALITY

_ 2 E

}!,_ K = ;k+--_--/z= 3(I-2u) (1.8) #

If the material is linear elastic, the bulk modulus is not a function of strain

and Eq. (1.7) becomes

k_ (_.9)

Multiplying Eq. (1,6) by the permeation tensor epij results in

_P"Epmn: 0 (I.lO)_T "

for all p, m, and n and therefore

O--_:0 (l.il) .

t
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"_ ORIGINAL PAGE IS

APPENDIX 2 OF POOR QUALITY

Constraints on Coefficient of Thermal Expansion

for Mixed Formulation

For an elastic response

t

,.,j= o(oo,'_" d _'} 8,j+ :'F,ij - _ 8,jP. ekk ('Z_.l)

The integral in Eq. (2.]) can be written as

fO _T a_ = I O'kkt (2(_) _ - 3" _kk 3(3X+Z/z) (2.2)

Taking the derivative with respect of time of Eq. (2.1) attdsubstituting Eq. (2.2)

• crmmSiJ 013k+ZF) } %kl
O.ij:{kS,jSk_ + 2p._ik_j I + 2(ij OEk/O/u" 25 (ram _ij O{O---_Fk!+ 3(3X+2F) a(k,(

:" +{2 (}/J" (2.3) ;._8._..eij_(3k+2F) a_i i 2 Off O-mrn_ii O(3k+Zff) }i"• 3 0T (ram _}ij + 3(3X+2p.) c}T
i

i,

• :, But cij is not history dependent or

O'ij = Fij ((,T) -_" (2.4) -

Taking the derivative with respect to time

?

i ¢_Fij OFij

: :?. eij =_-_kt ekt + "_" 1" (2.5) [
I

; Comparing Eqs. (2.3) and (2.5)

,. a/_ 2 Fmm ¢}(3X+ 2@?,Si j
,_;!_'_'__ 8Fi--_"Jg)ekt =XSijSki + 2FSik _Jt+ 2_ij --Oekt- --3 emm_;ij+ 3(3X+ 2,u.) Oekt (2.6)

!

L
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and

aF_j aM. 2 aM- From O(3X+2,u.)

-_--= 2_ %-(3X Bij3 aT (mm_ij+ 3(3X+ZM-} aT 8iJ (2.7) _,
@v

Equations (2.6) and (2.7) can be contracted ro yleld

aFrnm From a(3X+2M.)
"--"--" = (3X �2#la,)_kL+ (2.8)
a(k, t 5k+2F a(kt

and

(}From Fmm c)(3k �2/J.)

8"--T- =-_(3X+2/_la +SX +2M. 81" (2.9)

Sel:ting the mixed partial derivatives of Eqso (2.6) and (2.7) to be equal, and

substituting Eqs. (2.8) and (2.9) results in

aa
--=0 (2.10)

}'
i

+
t _
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Appendix 11. Updated Miller's Theory -- Differential Form

3J2'" _(_ Sij-'Q ij) ("_ Sij-'g ij)

_,-H,C,j_.,_,{._n_(_,j1_.....,)}° "'JJ_ ,t')._,0.va

2 •

H I --Hi/e- H3('IJ"D'ij Ci j }/R

K :_/FI+F d (I+F 2)
llr.

, ! / e'\

_. _:_,RI_/__,j_,-(_,)_'_,_o_',__-__"[_o_o_)!°
:- F==F=o+Fib MOx O,lOg=o -Fif)+ _. Fic,i e - "
i: i: 2 Fle,i

_ [ (_/e"-F2d'' ]3 I°glg 2

:"" Fz:i_ Fzc'ie F2e,i
v

. 2 " "

R-J+Cij Cij

z_ kT ! T<T,e'= =_o* - "
_ kT
'. e T>Tt

ekpX/-_" OT , : Q=" Q 8°°:X" e--_",X °°: Or [l+(kO-I) X O]

,._ Xt: (_-x)2 xSI
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Appendix 11. Updated Miller's Theory --- Differential Form (Cont)

- . P {)-k)(_Sij-aij)<_ijiij >

Cii: o.mz_302_k

"- .C .P

,. Cij:C U+Cij

t
) CIj=Ell- o ® 8ij - "E" [ ( I+u) o"ij - U°'kk_ij ]

• ; CONSTANTS: Ai,A2, B,C2,H),H2,H_,k ,kp,k0,n,Q*,Tt,Flo,Flb,glc,l,Ftd._,F_e,I,Flc,2,

'_ Fed,:), Fle,2 ,Fif ,F2c,i, F2d,i, F2e,),Fzc,2, F2d,Z ,F2e, 2 ,,

" _ INITIALCONDITIONSON "Qij AND Fd

_'

_ •

"L"= 12-10-90-8
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:} ORIGINALP,_27_, APPENDIX 13 OF POOR QU_%LIi'Y

_ Plastic Strain Rates in Classical Plasticity

Consider an elastic perfectly plastic material, the plastic strain rate,
P$

iS given by the normal to the yield surfaceeli,

o/:o

1

wh'_ze J2 = _ Sij Sij is the second invarlant of the deviatoric stress tensor, Sij,
i

Sij = oij -_ Okk 6ij, and ay is the uniaxial yield stress. Then

a-'_=::ksiJ (13.2)cij p: k

i where _ is a scalar that must be determined. The plastic work rate is

• cliP="i'_ Wp= O'ij XSijSij = 2 Jz)' (13.3)

_ and therefore

, " 2J 2 20-y2 (13.4)

i, Substituting Eq. (13.4) Into Eq. (13.2)
r, ,,

" i Cij p= 20.y2 (13.5)

_:"_ which is identical to the result presented in the text.

j,,

,"

i
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Appendix 15. Backward Difference Integration Algorithm

' GIVEN: A,qj
o

GUESS' ACii-A_ij-I/3 &eKK 8ijK:O"

CALCULATEIN ORDER:

• iJK+i : e ijK+Aeij

CijK+*=cijK+&eij

_R.lZ _K ....
_/T "" Ij ACjjx

R K+I : RK+ A R

K+l _K+l
°'ijx+l: 2_(EijX+l-CijX+l)+XSij _xx - (3X+2_)Sija

**=.,. CpqX+lCpq K+l
K+I K4-1 K �,. Sij =o-ij -t/3 O'KK _ij

K: KI -K 2 _ "n7 RK �_- ITERATE TO FIND AG,_..K+I:

- ,_JJ..+, m-I
, ,, GUESS: AG=(n3+nde- 5 ) AR+n 6 (?,/-5,Qijx,QijK)--'F'_t=&G °

0 K,I,I r

" CALCULATE:,QU_+l= ,O,ij +L,O_ K ox K+_(&G- L_n2 )]"", , ij -_ij+(ni+nz)_Cij+cijX+l&n=+n=Cij nz j
/

,"' " [l+&G- nz j

a_ i.,._.._L= _ (,QijK+l-nmCijx+l)
aAG

¢+ AG- __,..__z
"Z

f (AG): _G -(ns+rk e-nsAR)AR+n6(,CLijK+ I_.ij K+1)1_ At

: _ a,0.1iK+'

_._ AGN+I = AGN_ f(_G.___)

_' CALCULATEUNTIL AG CONVERGES

i

I
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Appendix 15. BackwardDifference Integration Algorithm (Cont)

3J2'=+ ("2"_""S,jK*'-_ijX*l)(+ SijW*'-_ijK*I)

AEij:[\ K Iv_2 + o'0D2-3J;_'k J_ 2 .. - ij /

.. E"=,v_C_j"-A,.'Z,"j")(_C_-_ _j")
- IF EK< ERROR THE SOLUTION HAS CONVEF,,_ED, OTHERWISE CONTINUE

. &eij = (sijK+l-sijK)/2u,

:' i AK "_'/&CijKL'_CijK/[(&(ij-&eijK)(A_ij"Aeij K)]
[

IF K=OTHEN SET &cij_:&'cij, K :1 AND BEGIN NEXT ITERATION.,

,; IF K>O CALCULATE "
,i

i ,
,,AK+I : (AK-IEK-AK EK-I)/(EK-EK-: )

L :

_' K+=:_ (A_i-&eij)
- : +1

, P--Cij j

' K=K+I i

' i BEGINNEXTITERATION

"'_ 8;_-10--90-- 11

|

,J_ , /
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-Appendix 16. Modified Walker's Theory -- Integral Form

°'"('): X(t)'KK(t)$ij+2F(t)j'o '6T[:':;)-"(_[)]{_ij(_)+'--_'---ieKK(_)3ij,j + _l} d_[

X(t)= \ K(t) / \_/ * o. 2(t)_302,(t)k(t )

o L_--m

t + -tG_T]
9-ij(t)=.f'/.ij(t)+n,()Cij(t) na(t)ie -G({}]£:ij(e)d {

"_ Cij(t)= {2/.Ht)_ ij It)-o-ijlt)+ xlt)_ kk(t)Si j -[ 2#(tl+3X(t)} o(t)e(t)_lj _/2F (t)t

.'-", ., . -n.,(t)R[t)
L _, K_1,:KI(t)-K2(t)O "

3

" 4. £zij(t)=,_ (t) 'Cpq(tlCpq(2 - 8ij

,-t G(,,:_'{ln,(e, °�(,,):"'(""(e'IR(_)+,({)[_ aij(,,)_ij(_)! d,,
t

: _ CijR(t)=_ " ({)dijE) d_

"I (,)-.,j
,4

,|

'i 82--10--90--10
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